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Abstract 

In this article we study basic properties of the mixed BV-Sobolev 
capacity with variable exponent p. We give an alternative way to 
define mixed type BV-Sobolev-space which was originally introduced 
by Harjulehto, Hasto, and Latvala. Our definition is based on relaxing 
the p-energy functional with respect to the Lebesgue space topology. 
We prove that this procedure produces a Banach space that coincides 
with the space defined by Harjulehto et al. for bounded domain f2 and 
log-Holder continuous exponent p. Then we show that this induces 
a type of variable exponent BV-capacity and that this is a Choquet 
capacity with many usual properties. Finally, we prove that this capa- 
city has the same null sets as the variable exponent Sobolev capacity 
when p is log-Holder continuous. 

Keywords: capacity, functions of bounded variation, Sobolev spaces, 
variable exponent 
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1 Introduction 

Variable exponent analysis has become a growing field of interest during the 
past 10-20 years. Variable exponent problems originated with the study of 
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variable exponent function spaces and certain variational problems [221 [2S1 
|2"8"| |2H]- Then the study spread out to e.g. harmonic analysis, geometric 
analysis, and fuller theory of partial differential equations. 

As an introduction to the subject of variable exponent problems, the 
reader is advised to the original article (22], the forthcoming monograph [8J, 
and the survey articles [HI HBJ [25]- 

In this article, we study a class of "bounded- variation-like" functions and a 
capacity in the variable exponent setting. In general, the study of capacity is 
closely related to the potential theory, say the Wiener regularity of boundary 
points with respect to a variational problem. For such study of capacity in 
the variable exponent case, see [2J. As another example of related variable 
exponent potential theory, we mention [20] • Capacity is also the correct way 
of measuring the fine regularity properties of Sobolev functions. For the 
variable exponent case see [T5| Section 5] and also [T^l [T6| IT9] . 

Let p be a finite variable exponent. The p(-)-capacity of set E C M. n is 
defined as 

C P( .){E) = inf I \u\ pi - x) + \Vu\ p(x) dx, 
where the infimum is taken over admissible functions u G S P (.)(E) where 

S P (.)(E) = {uG W 1 ' p ('\W l ) : u > 1 in an open set containing E) . 

It is easy to see that if we restrict these admissible functions S p ^ to the case 
< u < 1, we get the same capacity. In this case it is obviously possible to 
also drop the absolute value from 

The p(-)-capacity enjoys the usual desired properties of capacity when 
p~ > 1, see [15] . However, just as in the constant exponent setting, some 
of these properties require different argument when p~ = 1. In the classical 
treatment of 1-capacity, see [11] . properties such as limit property of capacity 
with respect to increasing sequence of sets are first proved for BV-capacity. 
Then the corresponding result is obtained for 1-capacity by proving that 
these two capacities are in fact equal. This BV-approach has been used to 
study questions related to 1-capacity for example in [11] in the Euclidean 
setting and in [131 EI] in the setting of metric measure spaces. We note that 
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BV-capacity has also been studied without comparison to the 1-capacity, for 
general reference see |3T| Chapter 5.11] in the case of BV-capacity and [TU| 
Chapter 4.7] in the case of 1-capacity. 

When studying the 1-capacity, one encounters some difficulties. It has 
turned out that the function space W 1,1 ^) does not offer the best pos- 
sible framework for studying variational problems; instead, several difficulties 
arise. On the other hand, the space of BV functions provides a better setting, 
bypassing some of these difficulties. Aware of the obstacles in the constant 
exponent case, we choose this BV-based approach as our starting point. We 
give an alternative definition for the mixed BV-Sobolev space of functions 
presented in |17j . The original definition is based on directly separating the 
modular into a "Sobolev part" and a "BV part", defined on separate parts 
of the domain, whereas our definition is based on relaxing the p(-)-energy 
functional over whole of the domain. The rough idea is that the functions 
should behave like Sobolev functions when p(-) > 1 and like BV-functions 
when p(-) = 1. For general introduction into the procedure of relaxation of 
a functional, see Chapter 1.3 and Example 1.4.2]. See also Examples 
3.13, 3.14]. 

We obtain several properties for our mixed BV-Sobolev space of func- 
tions. We show that it has a naturally induced modular, that it is a Banach 
space, that the modular has an important semicontinuity property, and that 
the space has certain well-behaved closure properties. We also show that our 
definition of the class of functions coincides with [17] under certain assump- 
tions. The new definition should also work well for unbounded domains. 

We conclude by defining a capacity based on the mixed BV-Sobolev space. 
We show that this capacity has many properties we would usually expect 
from a capacity related to potential theory: it is continuous with respect to 
an increasing sequence of sets, it defines an outer measure, and so forth. As 
a result, this capacity is a Choquet capacity. We finally show an equivalence 
between the mixed capacity and the Sobolev capacity with respect to null 
sets. 

We note that our approach has some advantages over |15[I17|. Our mixed 
modular has a lower semicontinuity property which is mainly due to the 
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definition via relaxation. It is known that lower semicontinuity of the modu- 
lar can be used to prove many properties of the capacity, confer [TTj [T5] and 
[3T| Chapter 5.12]. The lower semicontinuity is not known in the case of [15] 
and thus properties of a similarly induced capacity remain unknown to us. 

Also, in the paper [T7] the authors study the case of bounded Q and 
strongly log-Holder continuous p. We will be able to establish an equivalence 
between two definitions even after relaxing the condition of strong log-Holder 
continuity to regular log-Holder continuity. However, it seems to us that in 
[17] . it is required that Q has finite measure. In contrast, our definition of a 
mixed space does not depend on this assumption. 

Finally, in [15] the Choquet property of the variable exponent Sobolev 
capacity is established in the case p~ > 1. It is not known whether it is true 
for p~ = 1 . In contrast , the proofs for our mixed capacity do not distinguish 
between the cases p~ > 1 and p~ — 1. Our mixed capacity is a Choquet 
capacity with the same null sets as the Sobolev capacity. 

2 Preliminaries 

Let Q C M. n be an open set. A measurable function p : Q — > [1, oo) is called a 
variable exponent. Note that we may later on impose additional restrictions 
on the variable exponent. We denote 

p + := ess supp(x), p~ = ess infp(x), 

and for E C M n , 

p\ := ess supp(x), p^ = ess infp(x). 

xeE X ^ E 

The set of points where p attains value 1 will be important, so we reserve 
special notation for it. Following [T7], we denote 

Y := {x E tt : p{x) = 1} . 

In this paper, we always assume that p + < oo. This assumption is typical, 
since it ensures that the notion of convergence in modular is equivalent to the 
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typical convergence in norm; we shall use this fact later on. See [2"2"j (2.28) 
on p. 598]. Also, we note that the concept of oo-capacity is, in general, not 
very useful, so it is reasonable to restrict the consideration to the strictly 
finite case. 

We define a modular by setting 



The variable exponent Lebesgue space L p ('\n) consists of all measurable func- 
tions u : Q — > R for which the modular g p ^(u/X) is finite for some A > 0. 
We define a norm on this space as a Luxemburg norm: 



It is known that L p (')(f2) is a Banach space. The variable exponent Lebesgue 
space is a special case of a Musielak-Orlicz space, but here we only consider 
the Lebesgue and Sobolev type spaces. For constant function p the variable 
exponent Lebesgue space coincides with the standard Lebesgue space. 

The variable exponent Sobolev space W l,p<y '\Vt) consists of functions u E 
L p ('\Q) whose distributional gradient Vii has modulus in L p ^(f2). The vari- 
able exponent Sobolev space W 1,p W(f2) is a Banach space with the norm 



We also define 

Qi, P (-)(u) = Q P (.)(u) + Q p (.)(Vu). 
We recall the definition of log-Holder continuity. 

Definition 2.1. Function p : Q — > M. is locally log-Holder continuous on fl 
if there exists C\ > such that 



for all x, y £ Q. We say that p is globally log-Holder continuous on if it is 
locally log-Holder continuous on Q and there exists > 1 and a constant 
C2 > such that 




u\\lp(-)(u) = inf {A > : q p{ .){u/\) < l} . 



u 



p (.) + ||Vu|| p (.). 




\p(x) "Pool < 



log(e + \x\) 
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for all x G Vt. The constant max{ci, C2} =: c is called the log-Holder constant 
of p. 

Remark. We usually replace the constants C\,C2 by the maximum c. This 
is due to the fact that we may extend a log-Holder continuous function to 
a larger domain, but in such procedure one of the constants may become 
larger. However, the maximum c remains in extension. 

Remark. In what follows, we usually only speak about log-Holder continuity. 
The meaning will be clear from the context. In a bounded set, we mean by 
this local log- Holder continuity. In an unbounded set, we mean by this global 
log-Holder continuity. 

The assumption of log-Holder continuity is typical in the variable expo- 
nent setting. It ensures the following important estimate: 

R~(Pb-Pb) < C. 

This for a ball B of radius R > and a uniform constant on the right 
hand side. We shall explicitly make use of this estimate. In general, this 
estimate has some important consequences, such as the density of smooth 
functions and that convolution-based mollifiers are available as smoothing 
operators. For a discussion, see the introduction to |23| . Assumption of log- 
Holder continuity is also crucial in the regularity theory of partial differential 
equations with variable exponent |30j. 

In [T7], the authors introduce a mixed BV-Sobolev-type space of func- 
tions. One of their main results is concerned with the problem of energy 
minimization. The authors use a slightly stronger condition for the expo- 
nent, the strong log-Holder continuity. 

Definition 2.2. Exponent p satisfies the strong log-Holder continuity con- 
dition if p is log-Holder continuous in Q and 

lim \p(x) — 1 1 log- 1 = 

x^y \x — y\ 

for every y E.Y. 
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This condition is necessary for some results in the theory of minimizers 
and of partial differential equations. Earlier on, it was used by Acerbi and 
Mingione in e.g. pQ. In [T7], the effect of strong log-Holder continuity is 
as follows. The authors use the mollifiers as smoothing operation and show 
that their definition of a mixed pseudo-modular is upper semicontinuous with 
respect to these mollifiers and with respect to a closed subset. We repeat 
this as Theorem 13.31 later on. We will also relax this result in Theorem 13.41 
at the cost of a multiplicative constant. 

3 The mixed BV-Sobolev space: known results 

In order to define the mixed BV-Sobolev space, we first recall the ordinary 
BV-space, i.e. functions of bounded variation. 

Definition 3.1. Denote 



(.Jn J 

A function u G has bounded variation in Q, denote u G BV(f2), if 

||Z>u||(f2) < oo. We denote u G BVi oc (f2), if u G BV(U) for every open set 



If u G BV(f2), then the distributional gradient Du is a vector valued 
signed Radon measure and ||Z>u||(-) is the total variation measure associated 
with Du. A set E C M n has finite perimeter in Q, if xe G BV(fi). The 
perimeter of E in Q is defined as 



For the properties of BV-functions, e.g. the lower semicontinuity of total vari- 
ation measure, approximation by smooth functions, and the coarea formula, 
we refer to JXD], Chapter 5], [3TJ Chapter 5], and [121 Chapter 1]. 

We now present the definition of the mixed BV-Sobolev space introduced 
in [IT]. Let fl be open and bounded and E C fl Borel. 




U CC tt. 



p(E,n) = \\Dx E \W). 
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Definition 3.2. Define the mixed-type pseudo-modular 

Pbv^(e)( u ) '■= \\ Du \\( EnY ) + to(')(E\y)(V«). 
Define the mixed-type norm 

IMlBV*«(n) := + inf |A > : Q BVP (-) (n) (u/ A) < l| . 

Define the space BV p ^(f2) to consist of all measurable functions 
u : tt ->• R with |M| BVP( . )(n) < oo. Define also u E BVf ( c } (fi), if u e BV^*/) 
for every open U CC O. 

By [17, Proposition 4.3], the space is a Banach space. 

We denote the standard mollification ip$*u =: us- The following result in 
[T7] links approximation and upper semicontinuity of the BV-Sobolev pseudo- 
modular. 

Theorem 3.3 (Theorem 4.6 in |17|). Lei Q C M n 6e bounded and let p be 
a bounded, strongly log-Holder continuous variable exponent in Q. If u G 
B~V p{ '\n) andF C\Vt is closed, then 

limsup^ BVP (. )(F) (n (5 ) < g ByPi . ){F) (u). 

<5->0 

We note that if the proof of |17[ Theorem 4.6] is examined carefully, we 
may also state the following. 

Theorem 3.4. Let Q C M n be bounded and let p be a bounded, log-Holder 
continuous variable exponent in Q. If u e BV P ^'\Q) and F C Q is closed, 
then 

limsup^ BV p(.) (jF) (M5) < Ce BY p(.), F Ju) 

with 1 < C < oo. 

Remark. Note that we now relaxed the condition of strong log-Holder con- 
tinuity to log-Holder continuity. The price we have to pay is the appearance 
of constant C . This constant will depend only on the log-Holder constant of 

P- 
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Proof. We only shortly comment on the difference in the proof. In the proof 
of |T7j Theorem 4.6] between estimates (4.4) and (4.5), points are chosen in 
such a way that 

\ z _ y \-n(p(*)-i) <1 + £ 

with y G Y. If strong log-Holder continuity is relaxed to log-Holder continu- 
ity, we may do the same procedures, but instead with 

\ z -y\-"(p(*)-V <e c + e. 

Here C depends on the log-Holder constant of p. This will carry over to the 
remainder of the proof, so eventually we shall have 

limsup Q ByP (-)( F) (u s ) < e c Q BV p(-)( F) (u) . □ 

<5— >0 

In |17| . the authors continue to study the solutions of certain partial 
differential equations. Their main result is presented as [T?] Theorem 7.1]. 
Roughly speaking, let us have a sequence of variable exponent p(-)-Laplace 
equations with exponents that are bounded away from 1 and which converge 
to a strongly log-Holder continuous exponent p which attains also the value 
1. Then the solutions to these equations tend to a function u G BV p ^(f2) 
which is also a solution in Q \ Y and minimizes the mixed energy £ BV p()(') 
in compact subsets of Q. 

Next, we are to present a different definition for a mixed BV-Sobolev 
space, which we show to be equivalent under certain assumptions. Note that 
instead of studying partial differential equations, we then continue to study 
capacities. This can be seen as a motivation for the new definition. At least 
for us, the new definition made studying the capacity much more natural. 

4 The mixed BV-Sobolev space: alternative defin- 
ition 

We will now give an alternative definition for the mixed BV-Sobolev space. 
The assumption p + < oo guarantees that Lip loc (f2) is dense in L p ('\Q), see 
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[2"2"| Theorem 2.11], and therefore we take the following approach based on 
relaxing the functional 



The density result is actually true for smooth functions as well, but we restrict 
our consideration to relaxation with respect to sequences of locally Lipschitz 
functions. As a class, Lipschitz functions have better closedness properties; 
especially the cases where we consider pointwise maxima and minima will be 
important. 

Definition 4.1. Define the pseudo- modular 



where the infimum is taken over all sequences (m)^ in Lip loc (fi) fl L p ^'\il) 



Remark. For constant function p > 1 this definition gives the ordinary So- 
bolev space W 1,P (Q). Also, if p = 1 we obtain the functions of bounded 
variation. In fact, it can be seen that 



For these kinds of results, we provide as references Examples 3.13, 3.14] 
and (31 Theorem 3.9]. Note that these are not the original results but rather 
good overall references. 

As a matter of definition, some elementary calculations and standard 
techniques from the theory of modular spaces, we have the following. 

Lemma 4.2. The pseudo-modular f?§y P (.) is convex. It is continuous and 
decreasing as a mapping 







for p(-) = p, 1 < p < oo 



for p(-) = 1. 




forue BV p ( )(fi) and A > 0. 
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Remark. Actually, the pseudo-modular has all the properties of a continuous 
convex modular, except for the fact that £>§y P (.)(w) = does not imply u = 0. 

The basic idea of Definition 14.11 is to allow "BV-like" behaviour of the 
functions in Y. It might not seem natural at first, but this gives a better 
approach towards tools such as capacity than working with the Sobolev space 
W /1 ' p< -'- l (f2). It is also noteworthy that usually scaling with a constant A does 
not behave well in the world of variable exponent modulars. However, it 
can be shown that if Q^y p( .)(u) has a minimizing sequence then Xui is a 
minimizing sequence for £>§y p (.) (Xu). 

We next move to defining a norm in our space. Let us define 

IMIbvV(-) := IMU-) + mf {A > : gg^ (0 (u/X) < 1} 

for u E BV p (')(f2). Let us establish that this definition yields a norm. 

Theorem 4.3. Let Q C R n be open. Then BV p ^(f2) equipped with || • ||gy P (.) 
is a norm space. 

Proof. We know that ||-|| p (.) is a norm. By [24, Theorem 1.5], the convex 
pseudo-modular £?§y P (.) defines a homogeneous pseudo-norm as 

inf {A > : 0gvK O (u/A) < 1} • 

It is clear that the sum of a norm and homogeneous pseudo-norm defines a 
norm. □ 

One of the main motivations to consider the mixed BV-Sobolev space in 
this paper is the following lower semicontinuity property. A similar property 
is true, and well known, in the classical BV-space, see e.g. [3T| Theorem 
5.2.1]. On the other hand, such a result is not available in the Sobolev space 
thus it is reasonable to consider BV-type behaviour in Y. 

Theorem 4.4. Let u { E BV p ^(fi) be such that Ui^u in L p ^(tt). Then 

Qbvp()(u) < liminf Q^ p( .){ui). 
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Proof. According to the definition of ^gw.) for every i = 1,2,... we can 
choose a function Vi G Lip loc (fi) n L p<y '\Vt) such that 



\Ui ~ Vi\\ p (.) < - 



and 

1 

< -. 

i 



QBVP()( u i) - / \Vvi\ pix) dx 



Since 

\\U - Vi\\ p (.) < \\u - Ui\\ p (.) + \\Ui - t>i||p(.) -)> 

as i — > oo, we obtain that 



v i— 5>oo i— >oo V v 



1 

< liminf £»§y P (.) («?.)• □ 



Similarly as the space BV p( ) (fi), the mixed BV-Sobolev space 
is a Banach space. 

Theorem 4.5. T7ie space BV p( -'- ) (fi) equipped with the norm || • ||§y P (.) is a 
Banach space. 

Proof. If is Cauchy sequence in BV p ^(ft), then it is Cauchy sequence 

m LPM(fi) and there exists m G L p ( )(fi) such that — y u in L p (')(fi). Every 
Cauchy sequence is bounded. Boundedness in norm implies boundedness in 
modular in the case p + < oo. Thus there exists M > such that for every 
i = 1,2,3... 

Now Theorem 14.41 implies 

£§vp(-)( m ) ^ liminf £>§v P (o(«i) < oo 
and u G BV p( ) (fi). Let A > and N x be such that 2, j > N\ implies 

6bvp(-i \ ^ / 
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Since Ui — Uj — )■ Ui — u in L p ^(il) as j — > oo, it follows from Theorem 14.41 
that 

(Ui — U\ /Uj — Uj\ 

eSvPi-) [ ) < h mmf ggv^.) ^ — - — 1 < 1. 



Letting A — > we have that m — > u in BV p ^(fi). □ 

In the next section we shall repeatedly use the following lemma and The- 
orem |4]4] to prove the properties of capacity. 

Lemma 4.6. Let u, v E BV p( ) (fi). Then 

g^ p( . } (max{u,v}) + g^ p( . } (mm{u, v}) < £§vK-)( u ) + Q^y p( . } {v). 

Proof. Let Ui,Vi E Lip loc (fi) fl L p ('\tt), i = 1,2, ... be sequences such that 
Ui — > u, Vi — > v in and 

/ \Vui\ p( - x) dx Qvv P( . } (u), / \Vvi\ p{x) dx Q^y p( .)(v) 
Jn Jn 

as i — > oo. Clearly max{«j, v{\ — > max{«, v} and minj-Uj, v{\ — > min{w, v} in 
L p ('\Q), as % — > oo and hence 

0bv*>() ( max {^ «}) + Qbvp( ) (min{u, v}) 

<liminf / | V max{wj, Vi}\ p ^dx 
Jn 

+ liminf / | V min{itj, Vi}\ p ^dx 
i-* 00 Jn 

<liminf / | V max{-Uj, v i}\ p ^ + | V min{Mj, Vi}\ p ^dx 
Jn 

= liminf I \Vui\ p{x) + \Vvi\ p{x) dx 
Jn 



= lim / \Vui\ p( - x) dx+ lim / \Vvi\ p( - x) dx 

If we assume Q to be bounded and p to be log-Holder continuous, our 
definition of mixed space is equivalent with the definition of [IT]. See our 
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Theorem 4.7. Let SI C I" fe a bounded open set and p log-Holder continu- 
ous exponent with p + < oo. Then BV p ^(fi) = BV p ^(f2). 

Proof. Let u G BV p< -'- ) (f2) and f2j be subdomains of f2 such that C 
for every i = 1,2,... and 

oo 

i=i 

Let Ui = fij+i \ fij-i for i = 1,2... where Qq = 0. Let be the 

partition of unity subordinate to the open cover {Ui}^ =l , that is functions 

oo 

ipi G C^°(Ui) such that < ipi < 1 for every z = 1,2,... and ^ -0$ = 1 in tt. 

_ i=i 

Let e > 0. Obviously, C/j is a closed subset of Q for every i, so according to 



Theorem 13.41 we can choose 5i > such that 

\ug.ipi — uipi\ p ^ dx < 2~~ l e 

\uVi>i - u s yi)i\ p(x) dx < 2-^ 

The constant C > 1 is the constant from Theorem 13.41 We denote 



v £ := ^u St ip 

i=l 

It is clear that v e G Lip loc (fi) n L p( ~'\Q) and 

^ oo 

\v e — u\ p ^ dx = 

Jn , j 



p(x) 



i=l i=l 
- / oo \ PW 

< J \ Y^\us t ipi - wpilj dx 

„ oo 

< / 2 p+ J2Mi-uH P{x) dx 
Jn i=1 

oo „ 

2 P+ V / K^-u^dx 
i=i 



< 



< 2 p+ e. 
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Thus v £ — > u in L p ^\Vt) as e — > 0. Since ^ V^i = on O we obtain the 



following identity for the derivative 



i=l 



[ \Vv £ f x) dx= [ 
Jn Jn 



i=i 

oo 



p(x) 



dx 



i=l 

oo 



p(x) 



da; 



i=l 



i=l 



p(x) 



da;. 



Thus 



/ |Vu e | p(a0 cfa 


< 2 P+ / 
Jn 


oo 
i=l 


oo 

<c£i 

1=1 7 


n 


oo 

i=i 7 


f |v^| p(x) 



p(x) 



i=i 



p(x) 



da; 



For the last sum we have that 



oo „ 

V / \uVif>i - usV^i\ p{x) dx < e. 
i=i ^ 



The first sum can be estimated as follows 



L \ Wu Si\ P(x) dx = J2 g BV p( - ) (u i )( Us i) 
i=i i=i 

oo 
i=l 

< V fc||Du||(c7 i ny) + c / |v«| p(a,) ^ + 
i= i V ^c/i\y / 



< C^BVf(-)(n)( M ) + £ - 
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Here we used the fact that ||Z>u||(-) is a measure and that ^2 xjj. < 3. Thus 

i=i 

liminf / \Vv £ \ p<yX ">dx < oo 
Jn 

and u E BV p ( )(fi). 

Assume next that u E BV p( ) (^)- Let m E Lip loc (fi)nL p() (fi), % = 1, 2, . . . 
be such that Ui — > u in and 

/ \Vui\ p ^dx^ egvj. ( .)(w) 

as i — >■ oo. For j = 1,2,... let 

V,- = jrr G Q : p(x) > 1 + - j. 

Clearly Vj C V^+i for every j — 1,2, . . . and the sets V} form an open covering 
for n \ Y. Without loss of generality we may assume that the sets Vj are 
nonempty. The sequences (ui)^2 =1 and (Vm*)?^ are bounded in L p ^'\Vj) for 
each j = 1,2,..., and the spaces are reflexive due to p v . > 1. In what 
follows, we do a diagonalization argument: starting from index 1, we always 
choose the subsequences from previous subsequences while passing from Vj 
to Vj + i. Let now j be arbitrary. By boundedness and reflexivity, there exists 
a subsequence, hereafter taken to be the whole sequence, which has weak 
limits 

Ui — 1 Vj and V«i — 1 Wj 

in L p ('\Vj) for each j. Using the definition of weak derivative and uniqueness 
of weak limit, it can be seen that actually Wj = Vvj. From this collection 
of subsequences, we pick a diagonal sequence; for simplicity we again denote 
this by Ui. The subsequence for u, +1 has been extracted from the previous 
one, so we have for the diagonal sequence 

Ui^Vj in L p{ -\Vj), 
Ui ->> v j+1 in L pi -'\Vj +1 ), 
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and the same for the gradients. By the definition of weak convergence, it is 
an easy calculation to see that actually 



/ Vjw dx = 



Vj + iw dx 



for all w G LP^'(Vj). Here we also use the facts that Vj C Vj+i and that the 
dual space is just the conjugate Lebesgue space. By a well known variation 
lemma we now deduce that Vj = Vj + \ a.e. in Vj. The same can be seen for 
gradients. We can now define a function v on ft \ Y by setting v(x) = Vj(x) 
when x £ Vj \ Vj-\. It is clear that now Vv = Vvj a.e. in Vj \ Vj-%. Since 
Hi — > u m L p t\Vj) for every j — 1, 2, ... it follows that u = v a.e. in Vj for 
every j — 1, 2, . . . Hence u = v a.e. in fi\Y and v G L p ^(tt\Y). By Lemma 
2.1. in [T7] 

/ |V< (:C W < liminf / |V^| p(a: W < 

y^ 

for every j = 1, 2, . . . This implies that 



/ \Vv\ P{x) dx = lim / \Vv\ P{x) dx < QsrtpU 

Jn\Y i-*x>Jv, 



>a\Y 

and hence \Vv\ G L p( - } (ft \ Y). Thus v G VK 1,p (')(ft \ Y) and u = u a.e. in 
ft \ y implies that u G H /1 ' p ^'- ) (fi \ Y). Since |0| < oo, we obtain that U{ — > u 
in L 1 (fi) as i — > oo and by the lower semicontinuity of the variation measure 
and Holder's inequality 

|| I>u|| (ft) < liminf / \Vui\dx 

<C nM .) max { 0g^, { .j (u), (egv»( (u)) ? 



<00. 

Thus k G BV(ft) n W^iQ \ Y) and u G BV p{ - } (ft). □ 

Remark. By the above proof, it is clear that when ft is bounded and p is 
bounded and log-Holder continuous, the two pseudo-modulars will have the 
following "equivalence-like" relation: 
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We actually show in the next theorem that this can be improved to a true 
equivalence. 

Theorem 4.8. Letp be log- Holder continuous, p + < oo, andfl bounded. We 
may state the following true equivalence: 



1 



u 



Proof. By the proof of Theorem 14.71 it is clear that 

Qbv p W (q\Y)\ u ) — ^BVp(')(f7)( M )' 

so it remains to estimate ||Du||(n n Y). Let u £ BV p() (fi). The usual 
convention is that the variation measure is extended from open sets to Borel 
sets as 

\\Du\\(nr\Y)=m£{\\Du\\(U) : U open, fi n Y C U} . 
Let us define the sets 

Uj : = |x £ Q : dist (x,QnY) < j| 
for integers j > 1 and denote 

Since the sets Uj shrink monotonously to Y at the least at rate -. and p is 
log-Holder continuous, it is clear that p^ — > 1. Similarly as in the proof and 
remark of Theorem 14. 7\ we may deduce that 

\\Du\\(nnY) ^WDuWiUj) 



<Cmax |^ BV p( )(i7 j )(' u ) ? (^bvp( )(Uj)( m )) * 
<Cmax< f?5vp(.)(Q)(w), ( f?BVp( )(Q)( n ) 



for all j. Here we have used the fact that since u £ BV p (')(f2), also u £ 
BV p ^(C/j), and we have used the estimates from the proof of Theorem 14. 71 for 
BV p ^(Uj) instead of BV p (') (Q) . Letting j — > oo and thus p+ — > 1 concludes 
the proof. □ 
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5 Mixed BV-Sobolev capacity 



In this section, we will define a mixed capacity. It is the capacity naturally 
induced by the mixed space BV p ('(0). Let us define the admissible functions. 
If E C £1, we denote by A^y p( .)(E) functions u £ BV p( --\fl), < u < 1 such 
that u = 1 in an open neighbourhood of set E. 

Definition 5.1. Let E C Q. The mixed capacity is defined as 



We will study the properties of the mixed capacity and conclude that 
it is in fact a Choquet capacity. In this section, we will heavily utilize the 
semicontinuity property of Theorem 14.41 and the lattice property of Lemma 
14.61 Similar principles are used also when dealing with the classical BV 
capacity, see and |31[ Chapter 5.12]. 

Theorem 5.2. The mixed capacity Cgy p( .)(-) is an outer measure. 

Proof. Clearly Cgy P (.) (0) = and E\ C E 2 implies that -A§y p( .) (E 2 ) C 
^4gy p (.) (Ei), hence Cgy p( .)(.Ei) < Cgy p( .) (_E 2 )- To prove the subadditivity 
we may assume that 



We let e > and for every index £ = 1,2,... choose functions u.; £ ^gvp(-) (^) 
such that 



C^yv(-)( E ) ■= inf {&(•)(") + £§vrt )( M ) : U E A BVP( )( E )} ■ 




1=1 



Q p (.)(ui) + g^ P (.)(ui) < Cgv P( .) (Ei) + el 



Let 



u := sup Ui 



l<i<oo 



and notice that 



oo 




1=1 



Hence u £ LpU(Q). We define 



Vj := max Ui 

l<i<j 
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and notice that Vj — >■ u in L p ('\tt) as j — > oo by dominated convergence. 
Therefore, by using Theorem 14.41 and Lemma 14.61 we obtain that 



g p (.)(w) + Q^/p( )(u) < ° P (-)( u i) + l™ inf ^ p( . 

i=i ■ 7 ^°° 

oo j 

< ^ e P (.)(«i) + ii^inf ^ ^BV P( .)(«i) 

oo oo 

= XI ^(-)(^) + X 0BV*C-)(O 
i=l i=l 
oo 

1=1 

oo 

Clearly u G *A§vj>(0 ( U E v an( ^ hence 

i=l 

oo oo 

CbvKO ( U ^) - ^BVPt ) ( E i)- 1=1 

i=l i=l 

The capacity behaves well for increasing sequence of sets. Note that this 
property is not known for the variable exponent Sobolev capacity defined in 
|15| in the case p" — 1. 



Theorem 5.3. Let E% C E 2 C . . . C Ei C E i+ i C ... C O be an increasing 
sequence of sets. Then 

oo 

C BVP( ) ( U E *) = }^ C BVP( ) ( E i)- 
i=l 

Proof. By monotonicity 

oo 

lim Cgypf.) (Ej) < Cgyp( ) ( U ^ ) • 

2— >-00 \ / 

8=1 

In order to prove the opposite inequality we may assume that 

lim C—pc.) (Ei) < oo. 

i— s-oo v 

For every index i — 1,2, . . . choose function G ^4gyp(.) (-Ei) such that 
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Let 



Vi := max {ui, . . . , \ 
Wi := min {vi-^Ui} 




max { 




and notice that Vi, Wi G BV p ^(f2) for every index i = 1,2,... 



and 



Ei_i C int{u7j > l}. 



We define Eq = and v o = and by using Lemma 14.61 we obtain 

Qp(-)(Vi) + QEVP(-)( V i) + C SVP(-)( E i-l) 

< Qp(-)(Vi) + QBVp{-)(Vi) + Q p (.)(Wi) + Qvv P{ .)(Wi) 

= Q p Q(max{v ir .i,u i }) + ggy^.) (max{f Wi}) 
+ ^(.)(min{uj_i,Wj}) + Qxv^immivi^Ui}) 

< Q P (.)(vi-i) + esv„(.)(«i-i) + CbvK-)(^) + e2 ^- 

Thus, by adding these inequalities consecutively up to index i, we see a 
telescope sum and obtain 



and by monotone convergence we obtain that 

QpfM = lim QpfJvi) < lim C—^.)^) + e. 

i— s-oo i— >oo 

We note that i>$ — >■ u in L p ('\tt) by dominated convergence, and by using 



Qp(-)iyi) + Qbypc-M) < C^.^Ei) + ^e2 



We define a function 



v := lim Vi 



Theorem 14.41 we have that 



Qbv p (-)(v) < liminf Q^^ivi) < lim Cg^., + e. 
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Thus v G A^y p (.) ( (J 1 , and we have the estimate 

C bvp(-) (U Ei j - + 0bvj>(-)( u ) 

< liminf + liminf £W ( .)(^) 

< lim C^y Pi . } (Ei) +e. 

I— >oo 

Letting e — > completes the proof. □ 

The following theorem states that Cgy p( .)(-) is an outer capacity. This 
theorem actually does not depend on the properties in Section 4. This is a 
general property of almost all capacities that are defined in a similar way; 
the important point in the definition is u = 1 in an open neighbourhood. 

Theorem 5.4. For any E cVt we have 

Cgy p (.)(£') = inf {C'gyp(.)(C/) : E <Z U <Z VL, U an open set } . 
Proof. By monotonicity 

C~ p( .)(£) < inf {C~ p( .)(£7) : E C [/ C O, [/ an open set } . 

We can assume that (7gy p( .) (E 1 ) < oo. Let £ > and take it G ^4gy p( . ) (£') 
such that 

Q P (.)(u) + ^§v P (.)(m) < C^y p( . ) (E)+e. 

Since it G ^4§vp(-) there is an open set U, E C £/ C such that n = lon 
[/, which implies 

Cgvp ( .)(C/) < ft»(.)(w) + egyi.(.)(w) < Cgvp(-) ( E ) + 5 - 

Hence 

inf {C^ V( ) {U) : £ C C/ C Q, U an open set } < Cg^^E). □ 
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The capacity behaves well for decreasing sequence of compact sets. This 
is also a general property not depending on tools from Section 4. 



Theorem 5.5. If K\ D . . . D Ki D K i+ i D . .. are compact subsets ofVL and 

oo 

K = f]Ki, then 

i=l 

Proof. By monotonicity 

Let U C £1 be an open set containing K. Now by the compactness of K, 
Ki C U for all sufficiently large i. Therefore 

and since C§y p (.) (•) is an outer capacity, see Theorem 15. 4[ we obtain the claim 
by taking infimum over all open sets U containing K. □ 

The mixed capacity satisfies the following strong subadditivity property. 

Theorem 5.6. If E^E 2 C SI, then 

Proof. We can assume that Cgy p( .)(£?i) + C^y P ^(E 2 ) < oo. Let e > and 
Mi G ^4gy p (.)(£?i) and u 2 E A^ P (.)(E 2 ) be such that 

ft>(-)(«i) + £bvp(-)( m i) < C'bvho^i) + 2' 
Q p (.)(u 2 ) + Q^ p{ .){u 2 ) < G&f^Ez) + ~. 

We see that 

max{ui,u 2 } E A^y p( ) (E 1 U E 2 ), 
min{u 1 ,u 2 } E .AgvK) ( E i n E i) ■ 
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Therefore, by Theorem 14. (j\ we obtain 

Cbvp(-) (-^i u E %) + Cgvp(-) (-^i n ^2) 

< gp ( .)(max{Mi,« 2 }) + ^ p (.)(min{ui,M2}) 

+ ^BVf()( max { M i' u 2}) + ^gvfC)^ 11 ^!'^}) 

< + 0BVPC-)(Ul) + ft*)^) + QbvpuM 

Letting £ — > 0, we obtain the claim. □ 

By Theorems 15. 'S\ \5A\ and 15.5} the mixed capacity is a Choquet capacity. 
An important feature is that now the capacity of a Borel set E can be estim- 
ated "from the inside" by a compact set, and "from the outside" by an open 
set: 

Cgy p( .)(i?) = sup {Cgy p( .)(if) : K C E, incompact} 
= inf {Cgv P( .)(£/) : ECU, U open} . 

For the original paper on abstract capacity by Choquet, see [6]. 

6 Mixed capacity and Sobolev capacity 

In this section we study the relations between BV p ^-capacity defined in the 
previous section and the p(-)-Sobolev capacity, see [15J. Let E C M. n and 
denote 

S P (.)(E) := [u G W 1 ' p ^'\W l ) : u > 1 in an open set containing E) . 
The p(-)-capacity of E C M n is defined as 




in other words 
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The infimum is taken over functions u G S p r.)(E). It is easy to see that 
restricting the admissible functions to the case < u < 1 yields the same 
infimum. In this case, it is obviously possible to drop the absolute value from 
\u\. 

The capacity C p (.)(-) has many favourable properties: it is monotone, it 
is an outer capacity, it is finitely strongly subadditive, it has the compact 
set intersection property, it is subadditive for null sets. See [TBI Theorem 
3.1, Lemma 3.5]. The Sobolev capacity has some open issues as well. In 
the case p~ = 1, it is not known whether the Sobolev capacity is in general 
subadditive or whether it has the increasing set union property. Note that 
we have been able to solve these for the mixed capacity in Theorems 15. 2} 15.31 

The next theorem shows that C p (.)(-) and Cgyp(.)(') have the same null 
sets, if the variable exponent p(-) is bounded and log- Holder continuous. 

Theorem 6.1. Let p be a log-Holder continuous variable exponent withp + < 
oo and let E C M. n . Then C P ^(E) = if and only if C§y p (.) {E) = 0. 

Proof. Since Cgy p( .)(-) is an outer measure and is monotone and sub- 

additive for null sets, we may assume that E is bounded. Assume first that 
Cgy p{ . ) (£') = 0. Let < £ < 1 and take u e A^y p( .)(E) such that 



Denote B p = B(0, p) and let p > be such that E C B p . Let 77 be a Lipschitz 
function such that < 77 < 1, |Vr/| < 1, rj = 1 in B p and rj = in R™ \ B p+ i. 



We may now assume that Ce p < 1 by choosing a new, smaller e if necessary. 
Theorem 14. 71 together with its proof and and Holder's inequality implies that 




Denote v := rju. Now v e BV p (-)(5p+ 2 ) and 




v e BV p{ -\B p+2 ) and 
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where the constant C depends only on p and p + . From the Cavalieri principle 
[2U Lemma 1.5.1] and coarea formula for BV-functions |31[ Theorem 5.4.4] 
we deduce that 

\{v>t }nB p+2 \ + P{{v>t },B p+2 ) < [ vdx + \\Dv\\{B p+2 ), 

Jb p+2 

for some < t < 1. Denote E to := {v > t } fl B p+2 . Since E to CC B p+2 we 
have that P(E to ,B p+2 ) = P(E to ,R n ); see [U Remark 1.7]. Denote the set 
of Lebesgue density points 



\B(x,r) fl R 



to I 



E*. : = < x G Et n : lim ■ 

It is known that almost every point of a measurable set is a Lebesgue density 
point. We apply the modified Boxing inequality [T3l Lemma 4.2] for the 
radius R = 1 to obtain a covering for .E* . We shall have 

oo 
i=l 

and 

£ 5r*)| + J2 lB(X ^ ri)l < C (\E t0 1 + P(E t0 , . 

Denote by J 3 indices i G Ji U I 2 such that p^ 0B . > 1 where Bi = B(xi, r^). 
If we have some ball B, we futher denote by kB the cocentric ball with the 
radius of the original ball B scaled by some constant k > 0. For indices 
i G (ii U I 2 ) \ h define 

/ dist(x, B(xi,5ri)) 
<pi(x) := 1 - - 



v 5r^ 

For indices i £ 1% we choose function Ui G *A§yj,(o (E) such that 



/ uf x) + \Vu i \ p ^dx<2- i e, 



'B(xi,10n) 

here the assumption pfoB > ^ ensures that G H /1 ' p( -'- l (10-Bj). For i E 1% let 
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where r)i is l/5rj-Lipschitz function such that < rji < 1, rji — 1 in B(xi, 
and 7^ = in W 1 \ B(x h lOr*). 

We have now defined ifii for all indices i. Let 



and 



We now have 



y? := sup y?i 

l<i<oo 



g v := sup 

Ki<oo 



/ g$ x) dx < V / |V^| P( *W 

= J2 [ \^^\ p(x) dx + J2 [ \^Vi\ p{x) dx. 
ie(huh)\h WBi ieh 10Bl 

Since p WBi = 1 for every i & (Ii U I2) \ h, we write 

E / iv w i*><fc< E / (sr)*"* 

wninu </10-B 4 . r , n . nu JlOB 4 \ ol i/ 

= E / (Br.)-""- 1 ' 
ie(hui 2 )\i 3 10B * 1 

<c Yl [ T~ dx - 

ie(huh)\h Jl0B < 5n 
Here we used the property of log-Holder continuous exponent p: 

r -(p(x)-l) < ^ 

Note that always < p^ os . and now Pi 0Bi = 1. We then see that 

1 55,; I 



C 



E / >sc e 



5rv 



ieh\h ieh\h 

<c yj i5 Bi | + c yj M( 

i€h\l3 i&h\h % 

<C(\E t0 \+P(E t0 ,R n )) 
< Ce. 
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Here we used the fact that > 1/2 for i G I\ \ 1%. The constant C depends 
only on p, p + , n and the constant in the log- Holder continuity condition. On 
the other hand, for I3 we have 

|Vti i | i ' w +( 



da? 



Thus 



16/3 « 

< C^2- 4 £ < Ce. 
/ $*)dx<Ce. 



Now 9? is compactly supported bounded function, so <£> G L 1 (R n ) D L°°(R n ). 
By Holder's inequality, also 5^ G L^R* 1 ). By [TQ1 Chapter 4.7.1, Lemma 2, 
hi.] 99 now has a weak gradient in L 1 (M n ) and |V</?| < almost everywhere. 
Thus 9? G W rl - p W(R n ) with 



/ |V^| p(x) dx < Ce. 
Jm. n 



Furthermore 



» 00 „ 

/ <p p{x) dx < E / 



tpl dx 



< E / ^ 

ie(huh)\h WB * ieh Jl0B * 

<~o E W+^L*-^ 

i€(/iUl 2 )\/3 u 1 



Arguing similarly as earlier, we have that 



E l ¥ A <Ce- 



5?" 

ie{hui 2 )\h 



This combined with the fact that 



V / uf X) dx < 6 

ieh Jl0B ' 
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implies 

/ ip p{x) dx < Ce. 

oo 

Clearly E C int{w = 1} n B p C E^ C [j B(xi,5ri). For indices % e (h U 

8=1 

7 2 ) \ ^3 we have that <£> = 1 in 55; . On the other hand, for indices iG J 3 we 
have that 

EnhBid mt{ui = 1} H 55; 

= int{y?; = 1} n 5B-i 
C int{y? = 1} D 5Bi. 

Thus C int{<£> = 1} and 

C p{ .){E) < [ ip p W + \Vip\ p{x) dx < Ce. 
Jm.™ 

The claim now follows by letting e — > 0. 

Assume then that C p i.\{E) = 0. This converse proof is much simpler. 
Since the smooth functions are dense in W 1,p ^(R n ) we have that S p( .)(E) C 
A^y p( .)(E). By [151 Lemma 2.6], 

Qbvp()(u) < Q p (.)(Vu) 

for Sobolev functions. Thus C^y p ^(E) < C P ^(E) and Cgy^.j (E) = 0. □ 

In the above proof, we made use of [10, Chapter 4.7.1, Lemma 2, hi.] 
when showing that the function tp is a Sobolev function. We would like to 
mention that the same result can be shown using 1-weak upper gradients, 
which are familiar to people working on analysis on metric measure spaces. 
One might argue that this route is more direct and shorter. However, in that 
case some additional care needs to be taken when distinguishing between 
functions and their precise representatives, between the Sobolev space and 
the Newtonian space. See |4"j [27]. 
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